Under the assumption of axial symmetry we introduce a map from dilatonic gravity to a string-like action. This map allows one to introduce, in a rather simple way, the equivalent of string theory T-duality in dilatonic gravity. Here we choose the duality group to be an SO(2, 1) group and, for a particular rotation, we recover a symmetry of dilatonic gravity discussed previously in the literature.
Recently, there has been a serious improvement in the understanding of blackhole physics in the context of string theory. Near the singularity inside a blackhole, the classical theory of gravity breaks down and one expects quantum gravity processes to take place. Here is where string theory comes to play a role. In particular, the origin of Bekenstein-Hawking entropy for certain class of blackholes has been successfully explained by a counting of quantum microstates in the framework of string theory [1, 2] . Those special black-holes, in the simplest models, are typically the ones with Ramond-Ramond fields excited (in order to stabilize the dilaton on the horizon) and with a BPS inequality saturation condition (in such a way that masses and charges are protected from quantum corrections and so one can identify string perturbative states with the black-hole solutions of the effective theory).
Despite of the fact that the formalism of the counting sits over the string theory framework, it can be extrapolated to some of the most popular blackhole solutions of General Relativity. For instance, the standard five-dimensional extremal Reissner-Nordstrom metric can be understood as an specific combination of a number of D-fivebranes and D-onebranes with momenta in a compactified dimension [2] . For this specific combination, the dilaton field turns out to be a constant, and one recovers the Einstein-Maxwell theory. Due to this success of string theory, one can ask which properties of string theory, specially duality, can be translated (in the closest analogy with string theory) to non-string (or apparently non-string) situations.
The importance of duality is two-fold. First, it relates classical solutions of a given theory through duality transformations. For instance, the dilaton Melvin solutions of Gibbons-Maeda [3] is related through T-duality to the trivial flat space solution, as we will see bellow (see also [4, 5] ). Second, one can use duality to generate new solutions of the equations of motion corresponding to a given action.
In this paper we will study T-duality [6] in the theory described by the action:
where, because we are going to define different metrics through the paper, we have explicitly written as subindices and superindices the metric employed to construct the corresponding quantities.
For a = 0 this is the usual Einstein-Maxwell action. For a = 1 is part of the low energy action of string theory and for a = √ 3 is the dimensional reduction of five-dimensional Kaluza-Klein theory. We will work with the case of arbitrary a ( [7] ). We would like to study the analog of string T-duality in this (non-string)
system. To simplify the problem, we are going to restrict ourselves to the classical solutions of the equations of motion of the previous action which are independent of an angular coordinate which we call ϕ and such that G iϕ = A i = 0 (from now on, i = 0, 1, 2 denotes the other three coordinates). In fact, all the program can be carried out by selecting any other isometry of the metric (or more than one isometry at the same time). Moreover, one could relax the previous conditions on G iϕ and A i . Here, for simplicity, we will work only this particular case and more general situations will be considered elsewhere.
As a first step, we perform a local conformal transformation on the metric G µν by using the dilaton field, and define g µν by:
In terms of g µν the action (1) reads:
As the solutions we are about to work with are independent of the coordinate ϕ, we can dimensionally reduce the theory from four to three dimensions by integrating ϕ. The three dimensional action then reads:
The B parameter has the dimension of √ g ϕϕ (i.e., the dimension of a magnetic field) and has been introduced to put an adimensional quantity inside the logarithm. Every quantity in the previous action (such as the Riemann scalar curvature and the volume element) refers now to the three dimensional metric defined by g ij .
Let us now introduce the fields w, v andΦ defined by:
If we express the action (4) in terms of these fields, one can check that if and only if we fix α = − 1 a , we can reduce the coupling ofΦ to all other fields to a global exponential factor. For this value of α (called the "total metric" in [5] ) the action reads:
Note that in the last equality, we have written the action as a sum of products of derivatives. This is so because we want to write the two last terms as the trace of a matrix M:
If we find such a matrix M, the action would take a similar form to the bosonic part of the low energy effective action of the string. Actually, we would have:
This action has an obvious symmetry under the transformations:
being Ω a global transformation. This transformation is the analog of the T-duality transformation of the string. The difficult point is to find a matrix M fulfilling equation (7) and covariant under the previous symmetry. What we mean in this last statement is the following: M should have entries which are functions of v and w (and so, through (5), functions of the scalars of the theory Φ, A ϕ and g ϕϕ ).
By covariance we mean that the entries of the rotated matrix M ′ are the same functions, but now with the scalars v and w substituted by v ′ and w ′ respectively (which represent the dual fields with respect to v and w). If the duality group G to which Ω belongs is generated by a set of generators X i , the covariance can be summarized in the following relation:
where δ i v and δ i w are the infinitesimal variations of the fundamental fields under the action of the generator X i . Given the generators X i , the equation (10) is a system of first order differential equations for the entries of M that can be written straightforwardly. Also, the part of the off-diagonal elements of M can be inferred from the equation (7).
Let us make a particular election of the group G. First, from the structure of equation (7), we see that the minimum size of the matrix M is three (in order to accommodate the four different derivatives appearing in equation (7) in four off-diagonal entries of M). Thus, let us take M as a three dimensional matrix (therefore, Ω is a three dimensional representation of the group G). The second observation is that the duality relation (9) does not depend on the determinant of Ω. So the group G can be chosen as a subgroup of SL(3, R). Here, inspired in the string case, we will choose SO(2, 1) with generators (in the adjoint representation): 
In this case, equations (7) and (10) 
being c a number depending on the parameter a:
If we would have chosen another basis for the SO(2, 1) generators, we would have obtained the corresponding SO(2, 1)-rotation of the matrix M as a solution of (10).
Note that we have conveniently introduced the parameter B (with dimensions of a magnetic field) in the entries of M to make them adimensional, in such a way that the duality transformation (9) is well defined. One can check that the matrix M previously defined satisfies (7) and (10). In fact, for a = 1 (the string case), the entries (12) are the axial-symmetric direct analog of the definitions used by Sen in [8] (see also [9] ) to study T-duality in the heterotic string compactified on a torus. Note that the isometry used there by Sen was the time-independence of the solutions and we are using the ϕ-independence and, as we said before, the formalism used here can be generalized to any isometry. Now, we are ready to perform a duality transformation of the type (9) . We just have to use any element of the group SO(2, 1) generated by X 1 , X 2 and X 3 .
The result will be a matrix M ′ whose entries m ′ 23 and m ′ 13 are related to the dual fields v ′ and w ′ by (see equation (12)):
Now, one can go backwards in our formulae and express the dual fields in terms of the fields appearing in the first action we wrote in equation (1) . After some algebra, one obtains:
where Λ is given by:
These duality transformations have the same form that the ones introduced by Dowker et al. in [5] . But there, Λ had the following specific form (Λ D ):
(note that we are using different normalizations for the dilaton and gauge field with respect to the ones used in [5] ). We want to relate this transformation with one of the SO(2, 1) transformations that we have just introduced. In order to do this we first have to relate the parameter H appearing in Λ D with the parameters of our formalism (B and the group parameters of the SO(2, 1) transformation). Actually, if one performs a Λ D rotation over the flat-space solution in cylindrical coordinates, one obtains the dilaton Melvin solutions of Gibbons-Maeda [3] . This describes the closest analog of a universe with a constant magnetic field in general relativity.
The H parameter corresponds in this case to the strength of the magnetic field on the axis (H 2 = 1 2 F µν F µν | ρ=0 ). We will perform an SO(2, 1) transformation generated by X 1 with parameter τ . In this case, due to that X 3 1 = 0, it is very easy to write the matrix Ω. The result is:
Performing this Ω rotation in our matrix defined in (12) we obtain:
and
Putting Φ = A ϕ = 0 and G ϕϕ = r 2 in these equations, we obtain the dual solution of the flat-space metric under Ω τ . The result is:
A (τ ) ϕ leads to a magnetic field on the axis:
This equation relates the parameter B appearing in the definition (12) of the matrix M and the parameter τ of the gauge SO(2, 1) transformation with the magnetic field of the dilaton Melvin solution on the axis (r = 0). Writing now the relations (19) in terms of H, we see that the τ parameter disappears from the equations and we get:
Finally, performing a gauge transformation A µ → A µ + ∂ µ λ with λ being:
we recover the transformations (19) and (20) as in [5] . We have then identified the uniparametric subgroup of SO(2, 1) generating these transformations.
As we mentioned above, the same program we have carried out using the isometry generated by ϕ-translations can be performed by using the isometry under time-translations. If we do so, instead of magnetic charges we will obtain electric charges. This, in turn, is equivalent to perform an electric-magnetic duality in the transformations described above. In fact, the action (1) is invariant under this electric-magnetic duality, which is given by:
We have studied T-duality in dilatonic gravity and found a SO(2, 1) invariance of the theory. A previously discussed transformation in the literature has been recovered as a particular SO(2, 1) rotation in our formalism. There are several directions in which this formalism can be generalized. First, one could perform a second dimensional reduction (by integrating the time coordinate) to obtain a formalism collecting T-duality and electric-magnetic duality together and on the same footing. In this case the matrix M will be, at least, five-dimensional. This could be useful to study dyon solutions of dilatonic gravity. In addition, one could relax the condition G tϕ = 0. This would provide us with tools to implement duality transformations on solutions with rotation. Also, one could try to solve the equations (7) and (9) for other group different from SO(2, 1) giving new dualities in dilatonic gravity. Finally, one could try to extend this formalism for non-abelian gauge groups. In this case, the presence of non-derivative terms on the gauge field in the action will imply that powers of the matrix M will also appear in the action.
We expect to report on these topics elsewhere.
